The 1%-accurate calculations of the van der Waals interaction between an atom and a cavity wall are performed in the separation region from 3 nm to 150 nm. The cases of metastable He * and Na atoms near the metal, semiconductor or dielectric walls are considered. Different approximations to the description of wall material and atomic dynamic polarizability are carefully compared. The smooth transition to the Casimir-Polder interaction is verified. It is shown that to obtain accurate results for the atom-wall van der Waals interaction at shortest separations with an error less than 1% one should use the complete optical tabulated data for the complex refraction index of the wall material and the accurate dynamic polarizability of an atom. The obtained results may be useful for the theoretical interpretation of recent experiments on quantum reflection and Bose-Einstein condensation of ultracold atoms on or near surfaces of different nature.
I. INTRODUCTION
The van der Waals interaction is the well known example of dispersion forces and there is an extensive literature devoted to this subject (see, e.g., monographs [1, 2, 3] ). These forces are of quantum origin and they become detectable with a decrease of separation distances between atoms, molecules and macroscopic bodies. Further miniaturization, which is the main tendency of microelectronics, brings more and more attention to the investigation of fine properties of the van der Waals interaction.
The van der Waals force between an atom (molecule) and a cavity wall has long been investigated. In Ref. [4] its interaction potential was found in the form of V 3 (a) = −C 3 /a 3 in nonrelativistic approximation (a is the separation between an atom and a wall). The coefficient C 3 was calculated and measured for different atoms and wall materials, both metallic [5, 6, 7] and dielectric [8, 9] . The theoretical and experimental results were shown to be in qualitative agreement. More precise measurements were performed in Refs. [10, 11] .
Currently the van der Waals interaction attracts considerable interest in connection with
experiments on quantum reflection of ultracold atoms on different surfaces [12, 13] . With the increase of separation distances up to hundreds nanometers and more to several micrometers, the relativistic and thermal effects become significant changing the dependence of the van der Waals force on separation. At moderate separations up to 1 µm for atoms described by the static atomic polarizability near a wall made of ideal metal at zero temperature the interaction potential was found by Casimir and Polder [14] in the form V 4 (a) = −C 4 /a 4 .
Both the van der Waals and Casimir-Polder interactions are of much importance in connection with the experiments on Bose-Einstein condensation of ultracold atoms confined in a magnetic trap near a surface [15, 16, 17] . They may influence the stability of a condensate and the effective size of the trap [17] . Conversely, the Bose-Einstein condensates can be used as sensors of the van der Waals and Casimir-Polder forces. The presence of these forces leads to the shift of the oscillation frequency of the trapped condensate [18] . Note that in application to ultracold atoms not their temperature but the temperature of the wall is the characteristic parameter of the fluctuating electromagnetic field giving rise to the van der Waals interaction [18, 19] .
It is common knowledge that the precision of frequency shift measurements is very high.
Interpretation of these measurements requires accurate theoretical results for the van der Waals and Casimir-Polder interaction beyond the expressions given by the simple asymptotic formulas (in fact coefficients C 3 and C 4 are not constants but depend on both separation distance and temperature, and there is smooth joining between the formulas at some intermediate separations). In the case of the Casimir-Polder forces such results were obtained in Ref. [19] for different atoms near a metal wall with account of finite conductivity of a metal, dynamic atomic polarizability and nonzero temperature. In Ref. [18] the influence of the Casimir-Polder force between Rb atoms and sapphire wall onto the oscillations of a condensate was investigated.
In the present paper we find accurate dependences of the van der Waals atom-wall interaction on the dynamic polarizability of an atom and conductivity properties of wall material.
As an example, two different atoms are considered (metastable He * and Na), and metallic (Au), semiconductor (Si) and dielectric (vitreous SiO 2 ) walls. All calculations are performed within the separation distances 3 nm ≤ a ≤ 150 nm (for Au at larger separations the accurate theoretical results for the Casimir-Polder interaction were obtained in Ref. [19] ). The theoretical formalism for the exact computation of the van der Waals interaction is given by the Lifshitz formula [20, 21, 22] adapted for the configuration of an atom near a wall.
At small separations, characteristic for the van der Waals force, it is necessary to use the complete optical tabulated data for the complex index of refraction in order to find the behavior of the dielectric permittivity along the imaginary frequency axis (at separations a ≥ 150 nm, as was shown in Ref. [19] , the dielectric function of the free electron plasma model can be used in the case of an Au wall to find the Casimir-Polder interaction). We compare the results obtained by the use of complete data for the dynamic polarizability of an atom and the ones given by the single-oscillator model. This gave the possibility to obtain more accurate results than in Ref. [23] , where the single-oscillator model was used for a hydrogen atom near a silver wall, and also to determine the accuracy of the singleoscillator approximation for the dynamic polarizability in the calculations of the van der Waals interaction. It is shown that to calculate the atom-wall van der Waals interaction with an error less than 1% at a separation of several nanometers both the complete optical tabulated data of the wall material and the accurate atomic dynamic polarizability should be used. The Lifshitz formula for the free energy of atom-wall interaction (wall is at a temperature T at thermal equilibrium) can be presented in the form [19, 22] 
, where α(ω) is the atomic dynamic polarizability, k B is the Boltzmann constant, ξ l = 2πk B T l/ are the Matsubara frequencies, l = 0, 1, 2, . . . , δ lk is the Kronecker symbol, and the reflection coefficients for two independent polarizations of the electromagnetic field are
In Eqs. (1) and (2) the notations
are also introduced, where ε l = ε(iξ l ) is the dielectric permittivity computed at the imaginary Matsubara frequencies, k ⊥ is the wave vector in the plane of the wall.
We will apply Eq. (1) in the separation region 3 nm ≤ a ≤ 150 nm which corresponds to the van der Waals interaction (near the left-hand side of the interval) and transition domain to the Casimir-Polder interaction. In fact, in this region at room temperature T = 300 K the temperature effect is negligible. For the sake of convenience in numerical computations we, however, do not make the approximate change of the discrete summation for integration over continuous frequencies and use the original exact Eq. (1).
For further application in computations, we introduce the dimensionless variables
where ω c ≡ ω c (a) = c/(2a) is the characteristic frequency of the van der Waals interaction.
Separating the zero-frequency term, Eq. (1) can be represented in the form
Note that for metal [ε(i0) − 1]/[ε(i0) + 1] = 1, whereas for dielectrics and semiconductors this ratio is equal to (ε 0 − 1)/(ε 0 + 1), where ε 0 is the static dielectric permittivity.
In terms of the new variables the reflection coefficients (2) are
In a nonrelativistic limit Eq. (5) leads to
which gives the usual estimation for the value of the van der Waals constant at the shorter separations. Remind that Eq. (7) practically does not depend on temperature. By using the Abel-Plana formula [24] it can be approximately represented by
In the next two sections Eqs. (5)- (7) will be used for accurate calculations of the van der Waals force between different atoms near the surfaces made of metallic, semiconducting and dielectric materials.
III. VAN DER WAALS INTERACTION OF He * AND Na ATOMS WITH GOLD WALL
To calculate the van der Waals free energy of atom-wall interaction one should substitute the values of the dielectric permittivity of the wall material and dynamic polarizability of the atom at imaginary Matsubara frequencies into Eqs. (5) and (6).
We consider the separation distances a ≤ 150 nm (at larger separations the analytical representation for F was obtained in Ref. [19] using the plasma model dielectric function and the single oscillator model for the atomic dynamic polarizability; the agreement up to 1% with the results of numerical computations was achieved). As a lower limit of separations under consideration we fix a = 3 nm. At smaller separation distances there are additional physical phenomena, connected with the atomic structure of a wall material, which are not taken into account in Eq. (5) Fermi velocity and ω p is the plasma frequency [25] . As was proved in Ref. [25] , at much larger separations (in fact, starting from a ≈ 3 nm) the usual Lifshitz formula, given by
Eqs. (1) and (5) is already applicable.
Within the separation region under consideration the characteristic frequency ω c reaches and even exceeds (at the shorter separations) the plasma frequency (for Au we use ω p = 1.37 × 10 16 rad/s [26] ). By this reason in our case the plasma or Drude dielectric functions are not good approximations for the dielectric permittivity in all relevant frequency range and one should use the complete tabulated data for the complex index of refraction for Au to calculate the imaginary part of the dielectric permittivity Imε(ω) along the real frequency axis. The dielectric permittivity along the imaginary frequency axis is found by means of the dispersion relation [27] 
The available tabulated data for Au extend from 0.125 eV to 10000 eV (1 eV = 1.519 × it would suffice to use only 60-70 first Matsubara frequencies. In fact, to obtain ε by Eq. (9) with sufficient precision one should extend the available tabulated data for the region ω < 0.125 eV. This is conventially done with the help of the imaginary part of the Drude dielectric function
where γ = 0.035 eV is the relaxation frequency. It should be reminded also that Eqs. (1), (2), (10) are free from contradiction with the Nernst heat theorem which arise when the Drude dielectric function is substituted into the Lifshitz formula at nonzero temperature in the configuration of two parallel plates made of real metal (see Refs. [28, 29] for more details).
The computational results for Au are presented in Fig. 1 where log 10 ε(iξ) is plotted as a function of log 10 ξ starting from the first Matsubara frequency (at T = 300 K one has ξ 1 ≈ 2.47 × 10 14 rad/s and log 10 ξ 1 ≈ 14.4).
Other data to be substituted into Eq. (5) are the values of the atomic dynamic polarizability at imaginary Matsubara frequencies. The accurate data (having a relative error of about 10 −6 ) were taken from Ref. [30] for the atoms of metastable He * and from Ref. [31] for Na (see also the graphical representation in Fig. 3 of Ref. [19] ). It is interesting to compare the values of C 3 (a, T ) obtained by the use of the highly accurate data for the atomic dynamic polarizability and in the framework of the single oscillator model
where for He * it holds α(0) = 315.63 a.u., ω 0 = 1.18 eV [32] and for Na it holds α(0) = 162.68 a.u., ω 0 = 1.55 eV [33] (1 a.u. of polarizability is equal to 1.48 × 10 −31 m 3 ).
The computational results for the van der Waals coefficient C 3 in the case of Au wall versus separation are represented in Fig. 2 for metastable He * (a) and Na (b) by solid lines. As is seen from Fig. 2 , the account of the realistic properties of a wall metal is important at all separations under consideration. At the shortest separation a = 3 nm the result for an ideal metal differs from the accurate result given by the solid line by about 16% for He * and by 28% for Na. These strong deviations only slightly decrease with the increase of separation.
A few calculated results for the values of C 3 are presented in Table I at T = 300 K for different separations indicated in the first column. In columns 2 and 3 the values of C 3 for He * atom are computed for ideal metal and by the use of the optical tabulated data for Imε, respectively, and in both cases with an accurate atomic polarizability. In column 4 the optical tabulated data for Imε were used in combination with the single oscillator model for the atomic polarizability of He * . In column 5 the plasma model dielectric function was used in calculations together with an accurate atomic polarizability of He * . In columns 6-9 the calculational results for a Na atom are presented in the same order.
As is seen from Fig. 2 and Table I ( Table I for He * , and 7 and 9 for Na one can conclude that the error, given by the plasma model, decreases from 6.3% for He * and 10% for Na at a = 3 nm to 0.8% for He * and 1% for Na at a = 150 nm. This illustrates the smooth joining of our present results for the van der Waals interaction obtained by the use of the optical tabulated data for Au with the analytical results of Ref. [19] for the Casimir-Polder interaction found by the application of the plasma model.
The nonrelativistic asymptotic values of C 3 can be calculated by the immediate use of Eqs. (7) and (9) combined with the optical tabulated data for Imε and the accurate atomic polarizability. This leads to the results C 3 ≈ 1.61 a.u. for He * and C 3 ≈ 1.37 a.u. for Na in rather good agreement with the data of columns 3 and 7 of Table I computed at the shortest separation a = 3 nm. Note, however, that the asymptotic values, achieved at separations a < 3 nm, may be already outside of the application region of the used theoretical approach (see discussion in the beginning of this section).
As was shown in Ref. [19] , the account of the atomic dynamic polarizability strongly affects the value of the Casimir-Polder interaction if to compare with the original result [14] obtained in the static approximation. We emphasize that in the case of the van der Waals interaction the influence of dynamic effects is even greater than in the Casimir-Polder case. Thus, if we restrict ourselves by only static polarizability of He * atom, the values of C 3 are found to be 11.6 and 1.64 times greater than those given in column 3 of Table I at separations a = 3 nm and a = 150 nm, respectively.
IV. VAN DER WAALS INTERACTION OF He * AND Na ATOMS WITH SEMI-CONDUCTOR AND DIELECTRIC WALLS
In this section we apply the formalism of Sec. II to find the accurate separation dependences of the van der Waals interaction between He * and Na atoms and Si or vitreous SiO 2
wall. The chosen separation interval 3 nm ≤ a ≤ 150 nm is the same as in Sec. III. In the case of dielectric and semiconductor surfaces there are additional interactions due to the charged dangling bonds at separations 1-1.5 nm (see, e.g., Ref. [34] ). This is a further factor restricting the application of the conventional theory of van der Waals forces at very short distances.
The tabulated data for the complex refraction index of Si extend from 0.00496 eV to 2000 eV [26] . This permits not to use any extension of data to smaller frequencies when using Eq. (9) in order to find the dielectric permittivity at all contributing imaginary Matsubara frequencies. The computational results for Si are presented in Fig. 3a where ε(iξ) is plotted as a function of log 10 ξ (ξ is measured in rad/s). The static dielectric permittivity of Si is equal to ε 0 = 11.66.
Substituting the obtained results for ε(iξ) and also the data for the atomic dynamic polarizability of He * and Na (the same as in Sec. III) into Eqs. (5) and (6), one finds the dependences of the van der Waals parameter C 3 on separation. The results are shown in polarizability but on the assumption that the dielectric permittivity does not depend on frequency and is equal to its static value. At the shortest separation a = 3 nm the error in C 3 due to the use of the static dielectric permittivity is approximately 13% for He * and 24%
for Na.
In Table II a few calculated values of C 3 at T = 300 K are presented at separations listed in column 1. In columns 2 and 3 the values of C 3 for He * are computed by the use of a static dielectric permittivity and optical tabulated data for Imε, respectively, and in both cases with the accurate atomic dynamic polarizability. In column 4 the data for Imε were used in combination with the single oscillator model for He * dynamic polarizability. In columns 5-7 the same results for a Na atom are presented. This confirms that at larger separations the single oscillator model is quite sufficient for calculations of the van der Waals interactions with errors below 1%.
Now let us consider the case of a dielectric wall (vitreous SiO 2 ). The tabulated data
for the complex refraction index of SiO 2 extend from 0.0025 eV to 2000 eV [26] . This is also quite sufficient to calculate the dielectric permittivity at all contributing Matsubara frequencies by Eq. (9) with no use of any extension of data. The dependence of ε(iξ) as a function of log 10 ξ for SiO 2 is shown in Fig. 3b . The static dielectric permittivity of SiO 2 is equal to ε 0 = 4.88.
The obtained results for ε(iξ) and the data for the atomic dynamic polarizability of He * and Na are substituted into Eqs. (5) and (6) . The resulting dependences of C 3 on separation are shown in Fig. 5a (for He * ) and Fig. 5b (for Na). As in Fig. 4 , the solid lines are related to the use of the accurate dynamic polarizabilities, the long-dashed lines to the single oscillator model, and the short-dashed lines to the use of the static dielectric permittivity and an accurate dynamic polarizability. Table III , containing a few calculated results, is organized in the same way as Table II related to the case of a semiconductor wall. It permits to find errors resulting from the use of the static dielectric permittivity instead of the accurate dependence of ε(iξ) on frequency, and a single oscillator model instead of an accurate dynamic polarizability for the atom near the dielectric wall. Thus, at a = 3 nm the use of the static dielectric permittivity instead of the optical tabulated data leads to 78% error in the value of the van der Waals coefficient C 3 for He * and to 95% error for Na. These errors decrease to 2.1% and 6.9%, respectively, if one uses the dielectric permittivityε ≈ 2.13 corresponding not to the zero frequency but to the frequency region of visible light. With the use ofε the largest errors in the value of C 3 are achieved, however, not at the shortest separation but at the largest separation considered here a = 150 nm (15% for He * atom and 12.7% for Na atom). At this separation the use of the static dielectric permittivity ε 0 leads to 56.6% error (for He * ) and 62% error (for Na).
By the comparison of columns 3 and 4 in Table III we conclude that at a separation a = 3 nm the use of the single oscillator model results in 5% error for He * atom and in 3%
error for Na atom. At a = 15 nm the corresponding errors are 3.6% and 1.2%, respectively.
At a separation a = 150 nm the errors due to the use of the single oscillator model are 0.6%
for He * atom and practically zero for Na atom, i.e., the single oscillator model is sufficient.
V. CONCLUSIONS AND DISCUSSION
In the foregoing we have performed accurate calculations of the parameter C 3 describing the van der Waals atom-wall interaction for the atoms of metastable He * and Na near The magnitude of the error, given by one or another approximation used, depends qualitatively on the type of the atom. By way of example, for Na atom the use of a single oscillator model leads to less errors than for He * independently of wall material.
The performed investigation permits to make a conclusion that the accurate calculations of the van der Waals atom-wall interaction at short separations with the error no larger than 1% require the use of both complete optical tabulated data of wall material and accurate dynamic polarizability of an atom. This is distinct from the case of the Casimir-Polder interaction with a metallic wall which can be described with no more than 1% error using the plasma model dielectric function of a wall material and the single oscillator model for the dynamic polarizability of an atom. and by the optical tabulated data (b), and the accurate atomic dynamic polarizabilities; in column (c) semiconductor is described by the optical tabulated data and the dynamic polarizability of an atom is given by the single oscillator model. 
